In this paper we develop the Hellmann-Feynman theorem in statistical mechanics without resorting to the eigenvalues and eigenvectors of the Hamiltonian operator. Present approach does not require the quantummechanical version of the theorem at T = 0.
Introduction
Many years ago Feynman [1] developed a method for the calculation of forces in molecules that does not require the explicit use of the derivative of the energy.
This expression, known as the Hellmann-Feynman theorem (HFT), is discussed in almost every book on quantum mechanics and quantum chemistry [2, 3] and some pedagogical articles discuss its utility in quantum mechanics [4, 5] . The HFT has also been applied to perturbation theory [4] , even for degenerate states [5] . It is worth pointing out that the theorem had been developed by Güttinger [6] several years earlier (and in its more general off-diagonal form!!). However, in what follows we adhere to the common usage and will name the theorem in the usual way.
Some time ago Zhang and George [7] reported a supposedly failure of the theorem in the case of degenerate states and proposed a remedy. Such assessment resulted curious in the light that the proof of the theorem does not require that the states are nondegenerate [1] [2] [3] [4] [5] . Several authors commented on this paper proving Zhang and George wrong with respect to the failure of the HFT [8] [9] [10] [11] .
In particular, Fernández [9] showed that the expression for the supposed remedy is correct but unnecessary because the original diagonal HFT is valid for degenerate states provided that one chooses the correct linear combinations of the degenerate eigenfunctions for the calculation. Despite all these proofs of the validity of the HFT the problem still seems to be poorly understood [12, 13] .
This fact motivated a recent article with the purpose of clarifying the main points about the application of the HFT to degenerate states [14] .
There has also been interest in the form of the HFT in statistical mechanics where the authors have resorted to suitable sums over eigenstates of the Hamiltonian operator in their calculations [12, 15, 16] (and references therein).
In particular, Rai [12] took into account the degenerate subspaces explicitly and argued that his results were a generalization of those of Fan and Chen [15] who had not considered degeneracy explicitly. More precisely, the former author resorted to the remedy of Zhang and George [7] that, as has already been proved, is unnecessary if one assumes that the mathematical procedure of Fan and Chen [15] are based on the degenerate eigenstates of the Hamiltonian operator that satisfy the HFT [9] . It is worth noticing that both strategies made use of the quantum-mechanical HFT (T = 0) in their derivation.
The purpose of this paper is to show that one can easily obtain those results without using the eigenvalues and eigenvectors of the Hamiltonian operator and therefore bypass the quantum-mechanical HFT. In section 2 we develop the HFT in the canonical ensemble by means of an arbitrary basis set of states that do not depend on the parameter that is commonly varied to derive the HFT in quantum mechanics and statistical mechanics. Finally, in section 3 we summarize the main results and draw conclusions.
The Hellmann-Feynman theorem for the canonical ensemble
The statistical average of an observable A in the canonical ensemble is given by
where H is the Hamiltonian operator of the system and β = 1/(k B T ).
Suppose that a function f (H) can be expanded as
and that H depends on a parameter λ. Therefore,
where the prime stands for derivative with respect to λ. Obviously, we are assuming that the coefficients f j do not depend on λ.
Taking into account a well known property of the trace
we conclude that
where
It is clear that equation (5) is valid even when [H ′ , H] = 0. Since the basis set used in the calculation of the trace is arbitrary we assume that it is independent of λ and equation (5) becomes
that is the main result of this paper which will enable us to derive all the other necessary expressions. For example,
and
Since we have derived the result of Fan and Chen [15] and Rai [12] without resorting to the eigenstates of H, it is clear that it is valid whether there are degenerate states or not.
This result can be simplified a little bit further by means of the relationship
In what follows we discuss the variation of the statistical average of an observable A with respect to λ although it has nothing to do with the HFT. The only reason for the analysis of this problem is that it was discussed by Fan and
Chen [15] . For simplicity, we first consider an observable A that commutes with
. On arguing as before we have
so that
Therefore,
This expression is a particular case of the one developed by Fan and Chen [15] and both agree when the third and fourth terms in their equation (15) 
For the harmonic oscillator
we have
that already satisfy equation (11) .
Conclusions
Earlier derivations of the HFT in statistical mechanics [12, 15, 16] noticing that the result of Fan and Chen [15] depends on an operatorÔ that exhibits the same difficulty. We have also argued that the approach of Rai [12] is by no means a generalization of that one of Fan and Chen [15] that applies to degenerate states provided that one chooses the correct eigenvectors of the Hamiltonian operator [9] .
